1 This paper presents a new approach to fringe pattern profilometry. In this paper, a generalized model for describing the relationship between the projected fringe pattern and deformed fringe pattern is derived, where the projected fringe pattern can be arbitrary rather than being limited to be sinusoidal as those for the conventional approaches. Based on this model, a new approach is proposed to reconstruct the three-dimensional object surface by estimating the shift between the projected and deformed fringe patterns. Additionally, theoretical analysis and computer simulation results are presented, both of which show the proposed approach can significantly improve the measurement accuracy, especially when the fringe patterns are distorted by unknown factors.
This paper presents a new approach to fringe pattern profilometry. In this paper, a generalized model for describing the relationship between the projected fringe pattern and deformed fringe pattern is derived, where the projected fringe pattern can be arbitrary rather than being limited to be sinusoidal as those for the conventional approaches. Based on this model, a new approach is proposed to reconstruct the three-dimensional object surface by estimating the shift between the projected and deformed fringe 
Introduction
Fringe pattern profilometry (FPP) is one of the most popular non-contact methods for measuring the three-dimensional surface of an object in recent years. With FPP, a Ronchi grating or sinusoidal grating is projected onto a three-dimensional diffuse surface, the height distribution of which deforms the projected fringe patterns and modulates them in phase domain. Hence by retrieving the phase difference between the original and deformed fringe patterns, three dimensional profilometry can be achieved. A number of fringe pattern analysis methods have been developed for FPP, including Fourier Transform Profilometry(FTP), [1] [2] [3] [4] Phase Shifting Profilometry (PSP), [5] [6] [7] Spatial Phase Detection (SPD), 8 Phase Locked Loop (PLL) 9 and other analysis methods, 10, 11 all of which are based on an assumption that the projected fringe patterns are or can be filtered to be sinusoidal.
In recent years, because of the simplicity and controllability, digital projectors have been widely used to yield fringe patterns for implementing FPP. 12, 13 However, it is very difficult for projectors to produce pure sinusoidal fringe patterns due to the existence of geometrical distortion and colour distortion. Although digital filtering can be used to reduce the distortion, the resulting fringe patterns may still not be pure sinusoidal, as the digital filters are usually not ideal either. Additionally, when the deformed fringe pattern has an overlapped spectra, bandpass filtering will be unavailable if a precise measurement is required. Therefore, errors will arise if the measurement is still based on pure sinusoidal assumption. This problem motivates us to look for a new method to reconstruct the 3-D profile based on non-sinusoidal fringe patterns.
In this paper, we present a generalized analysis model which describes a general relationship between the projected signal and the deformed signal in fringe pattern profilometry (FPP) systems. The derived mathematical model does not require the fringe pattern pure sinusoidal or of some other particular structure. This also implies that theoretically, distorted sinusoidal fringe patterns are still useful for profilometry.
Based on the derived mathematical model, this paper also proposed a new algo- Analytical results show that Shift Estimation (SE) method provides much better performance than PSP in terms of reconstruction accuracy. In Section 5, we give our comparative simulation results to demonstrate the improvement of using Shift Estimation (SE) method and confirm the theoretical analysis. Section 6 concludes this paper. 
Generalized Analysis Model
A schematic diagram of a typical FPP system is shown in Fig.1 . For simplicity, we consider a cross section of the object surface for a given y coordinate. Hence, the intensity of fringe patterns captured by CCD camera and the height distribution function can be expressed as a function with single variable x. Thus we use s(x) and d(x) to denote the intensity of the projected and deformed fringe pattern respectively and use h(x) to represent the height distribution of the object surface.
In order to establish a relationship between s(x) and d(x), we consider a beam of light corresponding to a pixel of the fringe pattern, denoted as EpCH in Fig 
where x c and x d are the coordinate locations of point C and point D respectively. We use u to denote the distance from C to D, that is
From Eq.(1) and Eq.(2), we have
Obviously, u varies with the height of point H on the object surface.
Meanwhile, because triangles EpHEc and CHD are similar, we have
where x h is the x coordinate of point H, l 0 is the distance between the camera and the reference plane and d 0 is the distance between the camera and the projector.
As point H and point D are on the same reflected beam from point H to the camera, point has the same x coordinate as point D does in captured images, which implies (4) can be rewritten as
As defined in Eq. (2), Eq. (5) can be expressed as
As the height distribution h(x) is a function of x d , u should also be a function of
Then we have
Eq. (7) also can be written as
Therefore, Eq.(3) can be expressed as
where u(x d ) is given by Eq.(7).
As Eq. (8) and Eq.(9) should apply to arbitrary x d , hence by letting x d = x, we can simplify the mathematical expressions and derive a general model as follows:
Eq.(10) reveals that the deformed signal d(x) is a shifted version of s(x), and the shift function u(x) can be used to determine the object height distribution by Eq.(11).
It is interesting to note that by letting s(x) be a cosinusoidal signal in Eq.(10), we can easily derive the conventional phase-modulation model. i.e. the conventional model is a special case of our proposed model. Clearly if we use sinusoidal or cosinusoidal fringe patterns, the projected signal can be expressed as:
where A is the amplitude of intensity, and the deformed signal is
where φ(x) = −2πf 0 u(x).
As expected, for the case where a sinusoidal fringe pattern is used, the deformed signal d(x) is a phase-modulated signal. Hence, conventional analysis methods attempt to demodulate the deformed signals and retrieve the phase map φ(x) firstly.
Then, by using the relationship between the phase shift function, φ(x), and the height distribution h(x), the shapes of objects can be reconstructed. Actually, we can easily derive the relationship between φ(x) and h(x) by our proposed model. Note in
By substituting this equation into
Eq. (11), we can derive a well-known equation:
An equivalent form of Eq. (14) is
As classical formulas, Eq. (14) and Eq.(15) appear in most of the articles on fringe pattern profilometry (for example 2, 4, 14 ) . It can be seen that our proposed model has identical form with the conventional one when a pure sinusoidal fringe pattern is used for profilometry. However, in practical cases, especially when we are using a digital projector to generate fringe patterns, it is fairly difficult for us to obtain pure sinusoidal fringe patterns. Meanwhile, Eq.(10) and Eq.(11) reveal that the shift signal u(x) contains all the 3-D information of object surface. Hence in theory we should be able to obtain the profile by projecting any signal. In next section, we present a Shift Estimation (SE) method to retrieve the shift function u(x), so that the height distribution of three dimensional surfaces can be accordingly obtained.
Shift Estimation Method
Because the value of shift function u(x) determines the height distribution h(x), the height can be obtained if we have u(x). Hence, we should track the values of shift function u(x) for each point x by using s(x) and d(x). For this purpose, we use square error defined below as an objective function with respect toû(x) that denotes the estimation of u(x) at point x:
In order to minimize the error e 2 , we use gradient-based method to obtain the estimation ofû(x) in an iterative way:
where η is the learning rate. The gradient can be derived as:
Substituting Eq.(18) into Eq.(17), we can have an iterative equation to calculate the estimation of the value of shift function u(x) at each point x.
For each point x, the iteration continues until convergence. In other words, if |û m+1 − u m | is less than a given lower bound, we can obtain an estimation of the value of u(x) at point x,û(x) =û m (x). Considering the continuity of the profiles, we can use the converged valueû(x) as the initial value for the next point x + 1. i.e. let u 1 (x + 1) =û(x) and then continue doing the iteration for the next point x + 1, so that faster convergence can be achieved.
Error Analysis and Comparison
In order to demonstrate the advantages of proposed Shife Estimation (SE) method, we firstly study the error associated with the PSP approach due to nonlinear distortion of the projected fringe pattern, and then compare the results with those of using the proposed approach.
We only consider the effect of the second order harmonic, which is reasonable as the second order harmonic has the highest power than other higher harmonic components after the signals have been filtered by bandpass filters. We assume that in the ideal situation, the captured fringe pattern on the object surface is a pure sinusoid, which is given by
where N is the number of phase shifting steps, g n (x) is the intensity of the image at point x, a(x) is a slowly varying function representing the background illumination, b(x) is a slowly varying function representing the contrast between bright and dark fringes captured by the CCD, f 0 is the spatial carrier fringe frequency, and φ(x) is the phase shift caused by the object surface and the angle of projection. As mentioned in Section 2, the relationship between the height distributions and the shifted phase φ(x) is expressed by Eq.(15). Further, because the projector always locates far enough from the object, we have l 0 h(x). Therefore φ(x) can be expressed approximately as:
then we have
For PSP method, the phase map φ(x) can be obtained by following formula:
However, in practice there is always non-linear distortion with the projected fringe pattern, which can be described as harmonic components. For simplicity we only consider the second order harmonic distortion. Hence the actual fringe pattern projected on the surface of the object can be expressed as follows:
Then if we still use Eq.(23) to calculate φ(x) , errors will be introduced. Let we consider the situation when N = 3, and denote the error of φ(x) as δ. We have:
Considering Eq. (24) and Eq.(25) together when N = 3, we have
Let θ denote 2πf 0 x + φ(x), then we have
then δ is also a function of θ and can be expressed as δ(θ).
φ 0 , the phase map of distorted fringe pattern on reference plane can be derived by Eq.(25) when φ(x) ≡ 0:
As θ = 2πf 0 x + φ(x), the equation above can be expressed aŝ
In PSP, we will retrieveφ, an estimation of φ, which is the phase shifted by object profiles using following equation
So, the phase measurement error ε can be expressed as
Hence, the maximum measurement error is:
where δ max (θ) and δ min (θ) represent the maximum and minimum value of function respectively. Therefore, in order to calculate the phase errors, we have to derive δ(θ)
further from Eq.(27).
The left side of Eq.(27) is
Substituting Eq.(33) into Eq.(27), we can have
where p = c 2 b 2 , representing the power ratio of the second order harmonic to fundamental components.
Therefore the final expression of δ is
By setting dδ dθ = 0, we can derive the maximum and minimum value of respectively.
That is
and
Then Eq.(32) can be expressed as
By using Eq.(22) the maximum absolute error of measuring height distribution β is
If we assume l 0 is 5 meter, d 0 is 2 meter, and the spatial period of fringe pattern is 0.1 meter, which implies f 0 = 10/meter, the height distribution errors are plotted as Fig.2 . If we use this system to measure a profile whose maximum hight is 160mm when p equals 0.01, the relative height error will reach 4.98% respectively, which is not a negligible error for measurement. (11), and the Shift Estimation (SE) method Eq.(19), it can be seen that in the situation when the projected signal s(x) and deformed signal d(x) can be accurately obtained, the measurement accuracy of Shift Estimatioin (SE) method only depends on the learning rate η, which can be properly adjusted according to the different accuracy requirements. Therefore, in theory, measurement error of using Shift Estimation (SE) method can be controlled as small as possible, which is definitely better than the result by using PSP as analyzed above.
Simulation results
Simulations have been performed to verify effectiveness of our proposed Shift Estimation (SE) method. In our simulation, we use a paraboloid object surface whose maximum height is 160mm and the projected fringe pattern is generated from a cosinusoidal signal distorted by a nonlinear function given by:
where C is a constant which can be ignored as it does not effect on reconstruction results, and g(x) = A cos(2πf 0 x) where f 0 is the spatial frequency of the fringe pattern, which is assumed to be 10/meter in our simulation. i.e. the spatial period of the fringe pattern is assumed to be 100mm. Assuming 8-bits quantification is used for CCD camera, A, the amplitude of the cosinusoidal signal g(x) is assumed to be 128.
Meanwhile, we assume l 0 and d 0 in Fig.1 equal to 5 meters and 2 meters respectively.
The spatial resolution of the captured image is assumed to be 1 pixel/mm.
Substituting g(x) = A cos(2πf 0 x) into Eq.(40) and discarding DC component, we have:
Note for the projected fringe pattern given by Eq.(41), the second order harmonic only has -20db of power compared with the fundamental component. Corresponding to Eq.(41), the deformed fringe pattern can be expressed as:
where φ(x) is the phase shift caused by the object surface. It has been well-known that with conventional model, after demodulating φ(x), the surface height distribution can be calculated by the relationship between φ(x) and the height distribution h(x).
Using the fringe pattern given by Eq.(41) and Eq.(42), we can reconstruct the object surface by conventional PSP method and Shift Estimation (SE) method respectively.
The comparative results are shown in Fig.3 . In Fig.3(a) , The solid line is the measurement result by PSP method, the dash-dot line represents the reconstruction result by using Shift Estimation (SE) method, while the dashed line refers to the object surface, which is the true value of the height distribution. This figure shows nonlinear distortion introduces noticeable errors when PSP method is used, even though the nonlinear distortion is so slight that coefficient of square item in Eq. (40) is only 0.00156 and we can obtain a much better reconstruction result, which is almost identical to the true values and the reconstructed surface is much smoother than using PSP method. Fig.3(b) shows the absolute errors of reconstructed height distribution. The solid line and dashed line represent the reconstruction error by using PSP method and Shift Estimation (SE) method respectively. In our simulation, the average absolute error and the standard error of the height distribution reconstructed by PSP are 2.7270mm and 3.5268mm. Comparatively by Shift Estimation (SE) method, the average absolute error and the standard error can be reduced to be only 0.0643mm and 0.2055mm respectively. We can see that measurement accuracy is significantly improved by the generalized model and Shift Estimation (SE) method.
Conclusion
In this paper, we have presented a generalized model for fringe pattern profilometry (FPP), which describes a general relationship between the projected signal and the deformed signal. Based on the generalized model, we present a new method, called Shift Estimation (SE) method for profilometry. With the generalized model and Shift Estimation (SE) method, the constraint of using sinusoidal signals has been completely removed. In other words, even if the original signal is distorted by some unknown factors, we can still obtain an accurate reconstruction result without any prior knowledge of the characteristics of the profilometry system. The correctness and effectiveness of our proposed model and shift estimation (SE) method have been confirmed by our simulation results.
